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The Riemann Hilbert problem

Riemann-Hilbert

e @ 1.1 [Riemann, 1851]

Derchyi Wu

Let {M;}cs+ be a family of curves in C. Find all functions w
Background holomorphic in the open unit disk D and
w(t)e M, tes'. (1)
e @ 1.2 [Hilbert, 1904]

Write w(t) = u(t) + iv(t), and (1) as
References

F(t,u(t),v(t)) =0 (@)

for a given F : S x R? — R. Differentiating the equation w.r.t.
t, we obtain

a(h)a(t) + B(v(t) = (1), vtes',

or
o) —g()d—(t) = £(t), tes' (3)

for given functions g(t) and f(t).
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The Riemann Hilbert problem

@ 1.3 Theorem (Scalar RH problem) [Plemelj, 1908], [Gakhov,
1938]
The solution of the scalar homogeneous RH problem (3) with
Holder continuous g is given by

®(2) = X(2)Pmgx,

e'@ |z| <1
X(z) = '
(2) {z“er(z), |z| > 1

where Pp,. ., is a polynomial of degree m + x, and
k = index g(t).
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The Riemann Hilbert problem

Riemann-Hilbert
Approach

Derchyi Wu

Background

EES:&"'”"“" @ 1.5 Singular integral [Carleman, 1922]
Define the Cauchy integral

CH(z) = = /ﬂdt.

T oni Jot— 2z

Our results

References
Suppose the function f € H'(R). Then
e Cf € H'(R), Cf(z) is holomorphic and bounded in C\R;
o Cf is uniformly Holder continuous of order 1/2 on C\R;
o (Cf)* (t) exists pointwise for t € R and Cf — 0 uniformly as
Z — O0.
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The Riemann Hilbert problem

Riemann-Hilbert
Approach

Derchyi Wu

Background

me @ 1.5 Small data matrix RH problem [Beals-Coifman, 1984]
e Suppose g satisfies

Our results |g — 1 |H1 (]R,d[) << 1
Then there exist ® ¢ L>(R, dt) + H'(R, dt) such that

References

oT(t) =g()o~ (1), tER,
() — 1, Z — 00,
®(z) is holomorphic ~ z € C/R,

bounded and absolutely continuous in z.
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The Riemann Hilbert problem

Riemann-Hilbert
Approach

i @ 1.6 Large data matrix RH problem [Beals-Coifman, 1984]
BTicekground Suppose

Riemann-Hilbert
problem [*]

a(t)y=(1 4+ U)D)(1 + L(t)), VteR

Our results where U upper triangular, D diagonal, L lower triangular and U,
D—1,Le H'(R,adt),

@ The homogeneous RH problem (w. O at infinity) has only the
trivial solution.

Then there exist ® € L>=(R, dt) + H'(R, dt) such that

References

(1) =9g()®7 (1), tER,
d(A) — 1, Z — 00,
®(2) is holomorphic ~ z € C/R,

bounded and absolutely continuous in \.
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Applications to integrable systems

@ 2.1 Integrable systems [Kruskal, Zabusky, Greene, Gardner,
Miura, 1967], [Lax, 1968], [Beals, Coifman, 1985]
An integrable system of g(x, t) is a nonlinear evolution
equation which can be written as

[La,M\] =0

and the initial value problem of the integrable system can be
solved by using the inverse scattering theory of

Ly(x,t,A) =0.
That is,
q(IO) — L(0) — S[LI(O)]
qt) «— L(t) — SIL(?)]
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Applications to integrable systems

Riemann-Hilbert
Approach

Derchyi Wu

Background @ 2.2 Direct prOblem

Given qg(x, t), by

Integrable systems [5}\’ L}\] _ 0’ (4)
the eigenfunction W(x, t, \) constructed is holomorphic
outside contours * C C. Thus W, or g, can be determined by
Felerences O WV which is supported on ¥.

Our results

Moreover, (4) implies Ly (9\W) = 0, hence 9,V can be written
as a multiple or an integral operator of W(x, t, A), where the
multiple or the kernel is furthermore characterized by the
algebraic properties of L. Therefore, we choose the
scattering data S, to be the essential part of the multiple or
the kernel.
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Applications to integrable systems

Riemann-Hilbert
Approach

Derchyi Wu

Background @ 2.3 Inverse problem

Iegrab e Since the scattering data characterizes the 0-data, the
eigenfunction ¥ and its asymptotic properties can be found by
solving a RH problem.

Our results

To find the potential q(x, t), note the property (4)
([0x, Lx] = 0) also implies 9y (LAW) = 0. Together with the
algebraic properties of Sy, we have

References

V and L,V satisfy the same RH problem.

By investigating the \-asymptotic property of LW, one can
determine the potential q(x, t).
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We illustrate the ideas in solving the following higher dimensional

integrable systems via the RH approach.

@ The direct and inverse scattering problem of the Ward
equation with large initial data and purely continuous
scattering data;

@ The inverse scattering problem of a twisted hierarchy
associated with the generalized sine-Gordon equation.
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The Ward equation

Riemann-Hilbert
Approach

Derchyi Wu

@ 4.1 The Ward equation

Background

Taking a dimension reduction and a gauge fixing of the

self-dual Yang-Mills equation in the space-time with signature
(2,2), one derives a 2 + 1 dimensional SU(N) chiral field

e i equation with an additional torsion term.

() (), (), e {0, - (1), )
o { (U7, = () e L), = (V) =0,

Where J lies in SU(N) and v = (v, v1, v2) is a constant unit
vector. Letting v = (1,0, 0) (time-like) and v = (0, 1,0)
(space-like), we obtain two integrable systems, the
3-dimensional relativistic-invariant system and the Ward
equation.
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The Ward equation

Riemann-Hilbert
Approach

Derchyi Wu

Background @ 4.2 Previous works

The construction of simple solitons, and the study of their
scattering properties was done by [Manakov, Zakharov, 81]
for the 3-dimensional relativistic-invariant system and by
many mathematicians for the Ward equation, see [Dai, Terng,
RECIEYGES 07] fOF I‘eferences.

Our results
The Ward equation

If the initial potential is sufficiently small, [Manakov, Zakharov,
81], [Villarroel, 89] studied the inverse scattering problem and
solve the Cauchy problem of the 3-dimensional
relativistic-invariant system and [Villarroel, 90], [ Fokas,
loannidou, 01], [Dai, Terng, Uhlenbeck, 06] of the Ward
equation.
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The Ward equation

Riemann-Hilbert
Approach

@ 4.2 Our results
We solve the Cauchy problem of the Ward equation with large
(and purely continuous) data by I1VS in [Wu,08] and with
mixed scattering data via a theory of Backlund transformation
in [Wu, 09].

Our resuts The Lax pair is derived as follows

The Ward equation

Derchyi Wu

Background

(e~ (I e = () — I =0

References

Then

[AOy — D¢ — A N, — O — B] =0,

5__1‘4-y _t—y
- 2 ) 77_ 2 I
J(X7y7t30):w(xay7t70)i1a
o

A= 8_§w , B= WW .
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The Ward equation

Riemann-Hilbert
Approach

Derchyi Wu

Bzl @ 4.2 Our results( continued) Set

A=-8,Q, B=-0,Q
Our results (777 X) 5) - (X) y7 t)7

The Ward equation

then the Ward equation turns into

References
x0:Q = 95Q + [9,Q, 0xQ)

with a Lax pair

(Oy — A0x) ¥ = (9xQ)V,
(01 — A0, ¥ = (8,Q)V.
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The Ward equation

Riemann-Hilbert
Approach

Derchyi Wu

Background

@ 4.2 Our results( continued)Three important algebraic
properties of the Lax operator Ly = 9, — A0x — g of the Ward
Our resuits equation,

(1) derivation property;
(2) translating invariant property;
(3) the principal part being equivalent to 9,

References

are used to reformulate the direct problem as a RH problem
(hence the large data difficulty is resolved). More precisely,
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The Ward equation

Riemann-Hilbert

Approach

Derchyi Wu

Background

@ 4.2 Our results( continued)
o Translating invariant property:

Our results

IfV(x,y, ) is ane.f of g(x,y),

References

thenW(x,y + yo, \) is an e.f. of g(x,y + ¥o)
Hence wlog, we can assume

9=9 +4q",
q =0, fory >1,
q+ :07 for}’S _17

3 N
18 (€, V)1, (deay) < (5) ,

and use an induction scheme to find the eigenfunctin W. Since
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The Ward equation

Riemann-Hilbert
Approach

- @ 4.2 Our results( continued)

@ Using the derivation property of 9, — Adx, any eigenfunction ¥
for g, whenever it exists, must be of the form

Background

Vo (x,y,N)a(x,y,2), y <0,

Our results W(X,y’ )‘) = ‘U+(X7y7 )\)a+(x7y7 )\)7 y Z 07

The Ward equation (ay _ )\ax)ai _ 0

References Here (ay — MOy — qi)wﬂ: =0.

@ By a change of variables x + \y = X+ iy = z, X, y € R. The
existence of ¥ is equivalent to solving the RH problem

9:f =0, for z € C*,
fr=f(F-1),
F=(vh) v,

Hence the direct, and the inverse problems are reduced to

solving two types of RH problem with large data.
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The Ward equation

Riemann-Hilbert
Approach

Derchyi Wu

Background [+ 4_3 Remarks

e Triangular factorization in the approximation process is
necessary to reduce the linear system to be just-determined.

Our results

T @ Need to solve RH problems with data composed of
eigenfunctions derived by induction hypothesis.

References

@ Nice asymptote is required to assure the solvability of the
system of linear equations at infinity.

@ For the direct problem, solvability of the linear system outside a
bounded discrete set in C\R is assured by the mero. property.

@ For the inverse problem, global solvability is assured by
applying the reality condition.
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The twisted hierarchy

Riemann-Hilbert
Approach

Derchyi Wu

Background
@ 5.1 The sine-Gordon equation
o

Ourresulis P= {M surfaces of —1 curv. in Ra}
:E;::ﬁ;fea — {U ClUxxy — Uy = sin U} (SGE)
References

o [Backlund, 1875]

o If M= M, then M, M € P.
@ If M € P, then IM,, € P,s.t. M = M,.

@ [Ablowitz, Kaup, Newell, Segur, 73]
Lax pair & IVS of (SGE)
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Approach

The twisted hierarchy

Derchyi Wu

Background

Our results

@ 5.2 The generalized sine-Gordon equation
@ [Chern, Terng, Tenenblat, 80]
o

The twisted
hierarchy

P {M" submfld of —1 sec. curv. in R2" 1}
References

«—— {solutions of (GSGE) }
(1) If M = M, then M, M € P.
(2) If M € P, then IMy € P,s.t. M = M,
o /= ZI 1a1/

//—Z, Lo je 1oz,loc1ldx €ntiq-
a € O(n),
Bxlak,- = ayhji, hji =0, i,
Ox;hij + Ox hji + 3 ki j Mg = onjoj, 1]
Ox hij = hixhyj,

i,j, k distinct
Academia Sinica, R.O.C
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The twisted hierarchy

Riemann-Hilbert
Approach

@ 5.2 The generalized sine-Gordon equation (continued)

o [Ablowitz, Beals, Tenenblat,86]
Background Lax pair & IVS of (GSGE)

e [Terng, 10]

Twisted U/K-hierarchies,
Our results Twisted O(n, n)/O(n) x O(n)-system (GSGE),
e Local solutions via a loop group approach

ey @ 5.3 The generating equation [Campos, Tenenblat, 94]

Derchyi Wu

References

P = { Riem. n-submfld of —1 sec. curv. in R?"~2"}

« { solutions of (GE)}

aeO(n—1,1),

8Xl.ak,- = Ozkjhji, h,',‘ = 0, I#],

Oxhij + Ox hji + Z hiihg = aqjouj, 1 #
ki, j

8xk h,'/' = h,'khk/', i,j, k distinct
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The twisted hierarchy

Riemann-Hilbert
Approach

Derchyi Wu

Background

@ 5.3 The generating equation (continued) They constructed
the Backlund transform and linearized it but could not solve
the direct and inverse scattering problem.

@ 5.4 Twisted %-hierarchies [Ma, Wu]

Our results

The twisted
hierarchy

n—q times q times
o Letd = hhqq = diag(T, - 1,21, .., 1), 7= ( 20 )
and
oWJ,J) = {x € GLon(R)| Ix'Jx = 1},
L(OWJ,J)) = {f:S"° = GLop(R), Jf (X)" JF(N) = 1}.
Academia Sinica, R.O.C (o> 4B < Erazr» T Dao



Riemann-Hilbert
Approach

The twisted hierarchy

Derchyi Wu

Background

@ 5.4 Twisted o J)X 0( ) -hierarchies (continued)
Our results

The twisted
hierarchy

o Let o, i € {0, 1}, be the involutions on O(J, J) defined by
O'/(X) =

1
/n+i,n IX/

n+i,n—i
References

and &o(f)(A) = ao(f(=X)), 61(F)(A) = o1(f(5))

be involutions on L(O(J, J)). Let

{f € L(O(J,V))]

6o(f) = f} C L(O(J, ).
Then there are splittings of the loop group L?° given by the
subgroups

% — {f e L|f:

c1/e " GLon(R), 81(f) = £, f(1) € So},
%0 = {fe L|f: C/Dy;. "% GLan(R), f(c0) € K5}
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The twisted hierarchy

Riemann-Hilbert
Approach

Derchyi Wu

Background

d %-hierarchies (continued)

o Let #4+ denote the projections onto £3° with respect to the

o 5.4 Twiste

splitting and ‘ ‘
Our results Ja»f — a)\/ + o4 (a)A*/ c Lio
e for some constant regular a € A. Here A be a maximal abelian
References SUbalgebra of Po, O(J, J) = ’CO + Po.

o Definition: The 2j + 1-th twisted 555 -flow (twisted by o)

is the compatibility condition of
[ax Ay (/\/Ua,1 M‘1) O+ Ay (/\/L/a,g,+1 M—1)] —0,

for some M = M(x, \) € L.
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The twisted hierarchy

Riemann-Hilbert
Approach

Derchyi Wu

@ 5.4 Twisted %‘X%ﬁ-hierarchies (continued)

@ The associated Lax pairs are Laurent polynomials in the
spectral variable A. The reality conditions of the Lax pairs are
induced from the simplest Dihedral group.

® 5.5 Twisted 5 57;-System

Background

Our results

The twisted

o o Definition: The twisted % system is the compatibility
References condition of

[ax, + 7 (MJa,,1M‘1) ,Ox + i (MJQJ.JM”)} =0,

for some M = M(xy, -+ ,%n,A\) € L7, 1 <}, j< nand
i-th entry
0 e . ~=
ai= , e = diag(0,---,0, 1 ,0,---,0).
e O
Academla Sil’lica, ROC «O0>» «Fr» «E» «E» E DA



The twisted hierarchy

Riemann-Hilbert
Approach

Derchyi Wu

@ 5.6 Our results [Ma, Wu]

@ The 2J + 1-th twisted 0(3% -flow is a nonlinear 2j + 1-th
order partial differential systems in the coefficients of
4 (MJa,tM~"). We obtain the hyperbolic sinh-Gordon equation

Gl and are working on other explicit formula for large ;.

Background

s o We have proved a global existence theorem of the initial value
e problem of the twisted % -flows (with mixed scattering

data with arbitrary poles and muItlpI|C|ty for J = I, and small
data for J # /).

o We discover the associated submanifold geometry:
n-dimensional time-like submanifolds of constant negative
sectional curvature in the (2n — 1)-dimensional
pseudo-Riemannian manifold of constant sectional curvature
with signature (2n — 2, 1) describe the geometry of the twisted

%-systems, with J = diag (1,--- ,1,—1).
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