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Definition. PDE is integrable if it possesses
infinitely many generalized infinitesimal sym-
metries.



Symmetries for ODEs.

Suppose we have a dynamical system
dui
dt

Definition. The dynamical system
duz-

—:G,L(’U,l,,u'n,), Zzl,,n

dr

= F;(uq,...,un), i=1,...,n.

(1)

(2)

is called (infinitesimal) symmetry for (1) iff

(1) and (2) are compatible.

It means that for any initial data ug there
exists a common solution u(¢,7) of systems

(1) and (2) such that u(0,0) = ug.



Evolution (14 1)-dimensional equations.

Consider evolution equation
Otu

— oxt

(3)

ur = F(u, ug, uzg, ..., un), U;

The generalized (higher) symmetry is an evo-
lution equation

Ur = G(’U,, Uy, Uxx,y - - - ,Um),

that is compatible with (3).



Example 1. For any m equation ur = u, iS
a symmetry for u; = un.
Example 2. The Burgers equation

Ut = Uzx + 2UuUg

has the following third order symmetry

Ur = Ugpzr + Suure + Bu% -+ 3u2ux.

Example 3. The simplest higher symmetry
for the Korteweg-de Vries equation

Ut = Uggx + OuUy

has the following form

Ur = Ugzrrr + 10uuzrr + 20uzrure + 30U2uaz-



Why integrable equations possess higher
symmetries?

"Explanation”. A linear equation has in-
finitely many higher symmetries. Integrable
nonlinear equation is related to a linear one
by some transformation. The same transfor-
mation produces higher symmetries for non-
linear equation starting from symmetries of
the linear one.

For instance, the Burgers equation is inte-
grable because of the Cole-Hopf substitution
VUx

U — y
v

which relates the equation to vy = vg,. More-
over, the same substitution maps the third
order symmetry of the Burgers equation to

Ur — VUgxx,

etc.



Some necessary integrability conditions, which
do not depend on symmetry orders were found
by Ibragimov-Shabat-VVS. It was proved by
Svinolupov-VS that the same conditions ful-
filed if equation possesses infinitely many lo-
cal conservation laws.

The first classification result in frames of the
symmetry approach was:

Theorem. (Shabat-Zhiber 1979)

Nonlinear hyperbolic equation of the form

Ugy = F'(u)

possesses higher symmetries iff (up to scal-
ings and shifts)

F(u) = €%, F(u) = e%+e ™, or F(u) = et+e 2%



The complete classification of integrable hy-
perbolic equations of the form

Ugy — F(uauxau’y)

IS an open problem till now.

Example:

Ugy = S(u)y/1 —u2y/1 — ug,

S"—253+¢S=0;



Theorem (Svinolupov-VS 1982). A com-
plete list (up to "almost invertible” transfor-
mations) of equations of the form

Ut = Ugpzx + f(uaza:, Uy, U) (4)

with infinite hierarchy of conservation laws
can be written as:

1

up = uger — Sup + (ae® + fe”*")ug, CD1
1 3 (@ — u%)%

— _ - e . CD2

Ut Uxxx 2@ Ug + S (Q—u%)
3 2

ur = Uxxa:——uxx—l_Q(u) KN ,
2 Uy

where Q""" (u) = 0.



All integrable equations of the form

ur = F(uge, ug, u,x,t)

were listed by Svinolupov 1985 and by VS-
Svinolupov 1991.

The answer is:
ur = uo + 2uug + h(x),
ur = u2u2 — Axuq + A\u
ur = u2u2 + Au?
U = u2u2 — )\xQul + 3)\zu

This is a complete list up to the contact
transformations

CE:SO(CU u U]_> ﬁ=¢(m,u,u1),
Ui = (D (¥) ) (4),
where
D) " = Dalw) -
Ul Ul



All equations of the form

uy = us + F(ugq,u3,un,ug,u),

possessing higher conservation laws were found
by Drinfeld-VVS-Svinolupov 1985.

Examples: Well-known equations

ur = ug + buugz + dbujuo + 5u2u1,

us + buuz + %ulug —+ 5u2u1

us 4+ 5(uy — u?)ug + SU% — 20uuiuo
—5u:'1” + 5u®uy

Ut

ut

A new equation

up = ug~+ 5(uns — u% + Aev — )\36_4“) u3
—5u1u% 4+ 15(\1e?* + 4)\56_4“) uiuo + u{’
—90)\36_4u u:{’ + 5(\1e?t — )\%6_4U)2 U1



Classification of systems.

The most significant work has been done by
Mikhailov-Shabat-Yamilov 1987. All systems
of the form

Ut — up _I_ F(U,’U,’U,l,’l}l),
vy = —vo + G(u,v,u1,v1)

possessing higher conservation laws, were listed.

Example 1: Well-known NLS-equation
ur = uo + u2fu,

Vg = —Vp — v2u,



Example 2. The Landau-Lifshitz equation
(after stereographic projection)

_ 2uf  4(p(u,v)ug +r(w)vr)
Ut — up — —

u —+ v (u+ v)2
o 28 AR we +r(—vur)
bl u—+ v (u+ v)2 ’
where

r(y) = cay” + 3y + coy® + 1y + oo
and
p(u,v) = 2¢cqu?v? + c3(uv? — vu?)—
2couv + c1(u — v) + 2c¢p.



Algebraic structures
and polynomial integrable models.
(Svinolupov)

The Burgers equation is given by

Ut = Ugpx + 2uug.

Consider the following multi-component gen-
eralization:

u%zuéx—l—chku . —I—A U Fudu™,
where ¢,53,k=1,...,N

Theorem 1 . This system has generalized
symmetries iff

]km I ( IZm + Clzcr mj + C?IL?W
_ngj km C;k:cfrnj o C;L“m jkz)’
and
C;'TCIZm Ck’rcr — CTka«m C;j Cf/?im

for any 1,4, k,m (summation w.r.t. r).



The latter formula means that C;k are struc-
tural constants of a left-symmetric algebral

The algebraic form of the system is

U =Uzz +2U0Upy+Uoc(UoU)—(UoU)oU,

where o denotes the multiplication in a left-
symmetric algebra A, U = Y, u¥e; and

ej O €L =— C’;’kez



Definition of left-symmetric algebra:
As(X,Y, 7)) = As(Y, X, Z),
where

As(X,Y,Z) =(XoY)oZ - Xo(Y o 2).

Example of left-symmetric algebra (VS).
The set of all N-dimensional vectors w.r.t.

XoY =< X,C>Y4+<X,Y >C,

where C is a fixed (constant) vector.

Examples of corresponding integrable sys-
tems: Svinolupov-VS 1994.

The matrix Burgers equation
Ut = Uggr + UlUg;
the vector Burgers equation

U =Ugr +2<u,ur >C+2<C,u>uz+
<u,u><Ciu>C—<u,u><C,C > u;



One more example of left-symmetric al-
gebra (I.Golubchik-VS).

Let A be associative algebra and R: A — A
satisfies the modified classical Yang-Baxter
equation

R([R(z),y] — [R(y),z]) = [z, y] + [R(z), R(y)].

Then the multiplication

roy = [R(x),y] — (zy + yx)

IS left-symmetric.



The KdV equation is given by

Ut — Ugxx + uuyg.

Theorem 2. If C;.k are structural constants
of any Jordan algebra then the KdV-type sys-
tem

L L —
Up = Uggy + Clpuug, i,j,k=1,...,N

possesses higher symmetries.

The algebraic form

U = Ua;xa:‘I'UOUx,

where o denotes the multiplication in a Jordan
algebra A.

Definition of Jordan algebra:
XoY =YoX, X?0(YoX) = (X?%0Y)oX.

If * is a multiplication in an associative alge-
bra then X oY = XY 4+ Y x X is a Jordan
operation.



Examples of simple Jordan algebras.
a) The set of all N x N matrices w.r.t.

XoY=XY+YX

b) The set of all N-dimensional vectors w.r.t.

XoY =< X, C>Y4+ <Y C>X—-—< XY >C.

The corresponding integrable systems:

the matrix KdV-equation:

Ut = Ugxr + UUz + UgU,;

the vector KdV equation (Svinolupov-VS):



Theorem 3. If C;ikm are structural constants
of any Jordan triple system then the mKdV-
type system

Up = Upgr + Clpmu Wuy',  4,5,k=1,...,N

possesses higher symmetries.

Theorem 4. If C;'.km are structural constants
of any Jordan triple system then the nonlinear
Schroedinger-type system

u%zuzxw-l-c;-kmujvkum, i,7,k=1,...,N

V] = —Vyp — Cjkmvju v

possesses higher symmetries.

Theorem 5. If C;.km are structural constants
of any Jordan triple system then the nonlinear
derivative Schroedinger-type system

u% — u?l?:l?—l_c;km(ujvkum)ﬂfa i7j7k — 17"'7N

v = —vk.. — C;km(vjukvm)x

possesses higher symmetries.



Algebraic forms of the systems. The " Jor-
dan” mKdV-equation
U = ugze + {u, u, uz}t,

the " Jordan” nonlinear Schrodinger equation

ur = uge + 2{v,u, v}, v = —vgzx — 2{u,v,u},

The " Jordan’ derivative nonlinear Schrodin-
ger equation

Ut — Uxa:‘|'2{’07 u, U}aza Ut — _Ua:x—Q{U; v, u}il?)

are integrable for any Jordan triple system.



Definition of Jordan triple system:
{X,Y,Z}={2,Y, X},
{X, YAV, W, Z}} —{V.W {X,Y, Z}} =
H{X, Y, V}, W, Z} —{V.{Y, X, W} Z}.

Examples of simple triple Jordan systems.
a) The set of all N x N matrices w.r.t.

(XY, 2} =XYZ4+ZYX
b) The set of all N-dimensional vectors w.r.t.
{X,Y,Z} =< X)) Y >Z4+ <Y, Z>X-<X,Z>Y.

C) The set of all N-dimensional vectors w.r.t.

{X,Y,Z} =< XY >7Z4+ <Y, Z > X.



T he corresponding integrable vector systems:

the matrix NLS equation

ur = uo + 2 uvu,
vy = —up — 2 vUv;

the vector NLS equation 1 (Manakov)

U = uo+ < u,v > u,
v = —vop— < U,V >,
the vector NLS equation 2 (Kulish-Sklyanin)

uw=u>+2<u,v>u—<u,u>uv,
v = —vp —2 < u,v>v+ <v,v>u;



Inverse elements in Jordan triple systems
and rational integrable models.
(Svinolupov - VS)

Let {X,Y,Z} be a Jordan triple system,
u = Zukek.
k

Let ¢(u) = Y ¢"(u)e, be a solution of the
following overdetermined consistent system

0
=16, ex, B} (5)

Denote

O‘U(Xa Y) — {X7 ¢(u)7 Y}

Uu(Xa Y, Z) — {Xa {¢(u)a Y, ¢(u)}7 Z}'



If {X,Y,Z} =4(XYZ+ ZYX), then

d(u) = u L.
For
{X,)V,Z2) =< X, Y >Z+ <Y, Z>X-< X, Z>Y
we have

b(u) = ﬁ



Class 3.1. Consider the equation

Ugy = oy (U, Ugy) (6)

In the matrix case this coincides with the
equation of the principal chiral field

1 1

Uy + Uyt~ ug).

For this reason we will call (6) the Jordan
chiral field equation.

It is easy to verify that (6) admits the follow-
ing zero-curvature representation

2 2
WV, =—1I1,. WV, v, = Ly, W
EENCEDY NG DY
Here we denote by Ly the left multiplication
operator: Lx(Y) = au(X,Y).




Class 3.2. Consider the following equation
3

Ut = Ugxx — 3au(um, Uxa;) + Eau(um‘, Uy, Ux)

The corresponding matrix and equation has
the following form:

3 1 3 1 3 1 1

Up = qux:U_EU[U’U/— ux;,;—gum;u_ u;,;—I—Eu;,;u_ UrU Uy,

where u(x,t) is an m x m matrix.

Class 3.2. The following integrable equa-
tions of the Schwartz-KdV type are given by

3

Ut =— Uggxx — Eaux(uxa:, Uxa:)

The matrix equation:
3. 1

Ut = Uggx — Eua:xug; Uxx



Class 3.3. The scalar representative of this
class is the Heisenberg model

2 5 n 2 5

(T Vg = —U V..
utv " ! e ”
The corresponding Jordan coupled equations

are given by

Ut — Ugx —

ut — uww—Qau+v(ux7 Ug), UV = —U:c:c+204u—|—v(vzva Ug)

The matrix equation is of the form

U = Ugy — 2uz(u + ’U)_lux,

vt = —Vzr + 2uz(u + ’U)_l’U;U.



Equations of geometric type.

Consider multi-component systems of the form

ut _u:c:va:_l_ajk:(u)u] uy +b;k:s(u)u]
This class is invariant under point transfor—
mations: ¢ = W(&). Under these transforma-
tions, the set of functions a k(u) are trans-

formed as components of an affine connec-
tion .

It is convenient to rewrite the system as
k

whb = ul,. + 3ozjku7u

dal : :
km T T 1 7.k m
( B0y +2Ck],rakm O‘rjakm‘l‘ﬁjkm U Uy Uy

) — 7 :
where (3 iem = Bk]m = Bnkj l.e.

B(X7Y7 Z) - B(YaXa Z) — B(X7 Z,Y)

for any vectors X,Y,Z. The set of functions
;.km are transformed just as components of
a tensor.



Let R and 7' be the curvature and torsion
tensors of I.

In order to formulate classification results, we
introduce the following tensor:

1 1
U(X7 Y) Z) — 6(X7 Y7 Z)—ga(X, Y7 Z)+§5(Z7 X7 Y)a
where
Vx(T(Y, Z2)).
It follows from the Bianchi identity that

o(X,Y,Z) = o(Z,Y, X).

Theorem. The system is integrable iff

Vx[RY,Z, V)] =R, X,T(Z,V)),

Vx [Vy(T(Z,V))—-T(Y, T(Z,V)) — R(Y,Z, V)] =0,



Vx(o(Y,Z,V)) =0,
T(X,o(Y,Z, V) +T(Z,0(Y,X,V)) +

+T(Y,0(X,V,2))+T(V,0(X,Y,Z)) =0,
and

o(X, oY, Z V)W) —-c(W,V,o(X,Y,Z))+

o(Z,Y,c(X,V,W)) —0o(X,V,o(Z,Y,W)) = 0.

If 7" = 0, we have the symmetric space with
covariantly constant deformation of a triple
Jordan system.

In the case T' #= 0, a deneralization of the
symmetric spaces gives rise. We do not know
wether such affine connected spaces have been
considered by geometers.



Classification of integrable
matrix evolution equations.

Olver and VS listed integrable non-abelian
polynomial evolution equations having higher
symmetries. One of the non-abelian lists:

Ut = Ugxr + 3U2uaz + 3“:}6“27
Ut = Ugzrr + SUUzr — SUrzu — BuULU,

Ut = Ugxx + 3’&%-
Second order systems of NLS- and DNLS-

types also were listed and several new inte-
grable models were found.

Examples.
ut = uzz+2(utv)ug, vt = —Vgr+2vs(utv);

Ut = Ugr + 2ugvu, vV = —Ugr + 2vuvg.



Matrix Painleve equations:

Upr + 3u? = zF + C,

Urr + 2u3 + zu = \F,

1 ~1
T



Classification of integrable
matrix ODEsSs.

Polynomial non-abelian ODEs have been con-
sidered by Mikhailov-VS, 2000 and some par-
tial classification results have been obtained.

For example, the following system

Ut — 02, Vt — u2

possesses infinitely many symmetries
Ur;, — Pi(uav)7 Ur;, — Qi(UHU)
and first integrals
p; = trace R;(u,v).

There exists two interesting integrable non-
abelian equations containing arbitrary con-
stant element C':

up = Cu? — u?C
and

ur = uCu? — u?Cu.
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