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The KP-hierarchy in the Sato form is defined by

L=D+a;D Y4+aD %+ ..

Consider the Lax equations

L’y:[A7L]7 Lt:[B7L]7
where a1 =u, a>=wuz—v and
1 1
A:§D2—|—u, B:§D3—I—uD—|—v.

Compatibility conditions for (1) implies

which is equivalent to
1 1 1

Uy — —ZUxx + vz, Vy — Ut — VUgx — ZUxzx — UlUg.

2 2 3



The dispersionless KP-hierarchy (or the same the Bel
ney chain) is defined by
a a a a
L=p+—+—5+5+5+. (:
p p p b
The dispersionless Lax equations is given by

Ly,={A, L}, Ly = {B, L},
where  {f,g} = fpgz — fagp. Let
2 3
Az%—l—u, Bz%—l—up—l—v;

then the corresponding dispersionless zero-curvatul
representation

IS equivalent to Uy = Vg, Uy = Ut — UlUg.



Notice that the relation By — A; = {A, B} can be r
garded as the compatibility condition (®y); = (P
for

by = A(Pz,y, 1), d; = B(Pz,y,t).
Thus the system
Uy = Vg, Vy = Ut — Uy
possesses the following pseudopotential represent:
tion

D2 ®3
by = ——I—u P, ——I—uCDx—I—v



We consider systems of the form

n n n
> agi(W)ujs+ Y bW ujy + o c(a)uj, =0,

where 1 = 1,...,n 4+ k. Here
_ t
u = (U]_,...,Un) ,

and k= 0,1,... is called the defect of the system.



Equations of the form

Alztt + AQZ:Ut + ASZyt + A4Zyy + A5Z:cy + A6Z:13:1: —
where A; = A;(Zx, Zy, Zt), correspond ton =3,k =

Equations

F(Ztta Zyt, Zyta Zyya Za:ya Z:ca:) =0
correspond to n =5,k = 3.
Definition. The system is called integrable if it po

sesses a pseudopotential representation



Our goal now is to describe "integrable” pseudop:

tentials A = 1(p,u).

Consider first the simplest one-field case: A = ¥(p,u
The Benney hierarchy provides the following two e
amples

p2

@D:E—I-u, and ¥ = log(p — u).

One explicit example more:

Y = \/U(p2+61)+62-



Integrable pseudopotentials in the one-field cas

"Integrable” pseudopotentials ¥ (u,p) are given by

_ QW) v _ B(p)

Ypp v, QYp)
where R and @ are polynomials in 1), such th:
degR < 3, deg@ < 4. In the generic case (3) implies

Yu (C

k k
%bpgp _ 1 4+ .+ 4 (4
¢pp ¢p — bl (’U,) ¢p — b4(u)
b; = (1 —k;j)a [] (b; —b;), i=1,....4, (¢
J7=i
where k; are any constants such that k1 +...+ kg =
and b, = b;(u). The function a(u) can be chose

arbitrarily due to the admissible transformations wu -

s(u).



Let us choose
1 1

= + .
(b —b3)(by —bg) = (b1 — b2) (b3 — byg)
Then the general solution of (5) is given by

a

_ 2zt uyp . 2T y2 .
= , bo=—, b3=——- bg=—
Z1 + uy1 Y1 Z1 1 Y1 1
where y;(u) are two arbitrary solutions of the gype

geometric equation

u(u—1)y(u)" + (a4 B+ 1) u—~]y(u) +aBy(u) =
where k1 =14a—~v, ko =1—-«a, k3=~ — 3, and
u(u —1) /

Zi:_uyi+k1+k2—|—k3—2yi'

b1

System (3) can be also integrated in quadratures.



Integrable 3D-systems related to
the generalized hypergeometric functions

We construct new wide classes of pseudopotentia
written in the following parametric form:

Py, = F1(§,u), Py = F»(&, ), b, = F3(&,u)

where u = (uq,...,un) and the &-dependence of fun
tions F; is defined by the ODE

Fie=¢i(§,u)-§ 1€ —1)7"2(§ —u1)  *3...(§ —up) ™

Here sq,...,s,42 are arbitrary constants and ¢; al
some polynomials in & of degree n — k.

We call them pseudopotentials of defect k.



Consider the following system of linear PDEs:

2h ~ h h
8 — SJ 8 _I_ °k 8 ) Z)]:]-a y 0,
and
02h nt2 S
=— |1+ 2 sk ! h—+
S "o — 1) Oh
J 5 p(ug — 1) n
ui(u; — 1) hEj Uk~ U oup
i Sk n Sj + Sp41 n sj+ sp42\| Oh
kg Wi T Uk (0 u; — 1 Ouj



for unknown function h(uq,...,uyn). If n =1, then th
system coincides with the standard hypergeometr
equation

uw(u—1)y(u)" + [(a+ B8+ 1) u—ly(u) +aBy(u) =

where s1 = —a, so=a—v, s3=~v—p — 1.

Proposition 1. This system is compatible for ar
constants sji,...,s,42. The dimension of the line:
space H of solutions of the system equals n + 1.



Pseudopotentials of defect O

For any g € H. Put

1<i<n

1+ > s)E—wu1).(§—un)g

1<i<n42

Example. In the case n = 1 we have

5(9,8) = uw(u—1)gu + (1 +s1 + 52+ 53)(§ —u)g

where u = u1.



Define function P(g,() by
¢
P(9,Q) = [ S(g, (6 =) 1 (€ — un) " x

gont17 (g — 1) 7St 1ge,

Let g0,91,92 € H be linear independent.

Theorem. The compatibility conditions Cbt?;tj = CDtJ
for the system

¢ta:P(ga7€)7 Oé:O,l,Q (E

are equivalent to a system of PDEs for wuq,...,un ¢
the form:

n

2 aig(W sy + 3 bij(Wuje, + 3 cij(W)ujp, =0

=1 =1 =1
where 1 = 1,...,n, and tg = x.



The explicit form of this system is given by

wi(uj — Do — ui(u; — 1)uy
> ((91,u;92,u;=92,u;91 u)—— 0 — 1 j
i A

(L+s1 4.+ sp42)(9192,u; — 9291,u;)Uj o+

wi(u; — 1ug g — ui(u; — 1)u;
Z ((QQ,UJQO,UZ_QO,UJQQ,UZ) — - 1 ' /
i3] A

(I +s1+ ..+ sp42)(9290,u; — 9092,u,;) )t +

wi(u; — 1)ugp, — ui(u; — 1)u;
Z ((Qo,ujgl,ui_gl,ujgo,ui) ! . ' 2 ] 4
7] A

(1+s1+ ..+ sp42)(9091,u; — 9190,u;) 5, = O.



Pseudopotentials of defect £ >0

To define pseudopotentials of defect k, we fix k lir
early independent generalized hypergeometric fune
tions hq,...,h € H. For any g € H define Si(g,:
by

S =+ X s~ 1)(E —ur) X i
1<i<n—k+1
X (€ — up_p4+1)0:(9).
Here
[ he )
U (R ST T




A;(g) = det Jup_ 42 hi Uy,

N T

It is clear that S, (g,§) is a polynomial in § of degre
n — k.

Example 3. In the simplest case n = 2, k=1 w
have

h u1 ~  Ju h
51(97‘5) :ul(ul— 1)(5_,“2)9 L 1hlg 1 ]-_I_

9h1 us — Guohi
us(up —1)(§ —uq) Uth -2



Define the function P(g,£) by
€
Pk(gag) — /O Sk(g,f)(f—ul)_sl_l...(ﬁ—un_k_l_l)_sn—k-l

X (g_un—k—l-Q)_S”_k"‘Q...(ﬁ—un)_s’”g_sn-i-l_l (£—1) *nt2

Theorem. The compatibility conditions (Dtitj = thJ
for the system

(Dta :Pk(ga,£>, a=20,1,2 (—1

are equivalent to the following system of PDEs f¢
uq, ..., un, Of the defect k:



Z (Aj(gq)Ai(gr) — Aj(gr)Ai(Qq))
1<i<n—k,i#j

Xuj(uj — Du; g, — ui(u; — 1)uj,ts_|_
Ug — Uyg

Z (Aj(gr)Ai(gs) — Aj(gs)Ai(gr))
1<i<n—k,i#j

wi(u; — 1w g, — ui(u; — 1)uj,tq_|_

uj—uz-

X

> (A;(9s)Di(gq) — 8 j(gq)Di(gs))
1<i<n—k,i%]

wj(uj — L)ug g, —ui(ug — Dujy,
X =0,
’UJ] — Uy

where 3 =1,...,n—k and

n—k+1 n—k+1
Z Az’(gr)uz’,ts — Z Ai(gs)ui,tra
1=1 1=1



n-krl um (Um — L)u; ¢, — ui(u; — 1)um ¢,

Z Ai(gr) —
i=1 Um — U
n—k-+1 " (u . 1)u. —uu: — 1
t, — wiu YU, t,
Z Ai(gs) = . = = )
i=1 Um = Uy

where m=n—k+2,....,n. Here g,r,s run from 0O to
and tg = .



Example 4. In the case n = 3, £k = 1 the formul:
can be rewritten as follows. Let hi,90,91,92 be li
early independent elements of H. Denote by B;; tt
cofactors of the matrix

h1 g0 91 g2
hl,ul 90,u1 91uq 91,uq
hl,uQ 90,ur> Y91l,ur 91,uq
h1us 90u3 91us 91us

Define vector fields V; by

0 0 0
Vi = Boo— + Bog— + Bog —,
1 22 5to+ 23 9t + 248152
0 0 0
Vo= B3o—— + B3z —— + Bag —,
2 32 8to+ 33 ot + :«;4(%2

o o 0
Va3 = Baso— + Bgz— + Baag—.
3 42 It + Ba3 9t + Bag It



Then the set of equations is equivalent to

Vi(uz) = Vo(uy), Vao(uz) = Vz(up), Vz(ui) = Vi(

and
uz(u3z — 1)(ug —u2)V1(uz) +ug(ug —1)(ux —u3z)Vo(u:

+uo(uz — 1)(uz —u1)V3(uy) = 0.

There exist conservation laws of the form

(i), = (&)
hi), ~ \hi),

Introducing z such that z;. = 5—3' we reduce the systel
to a quasi-linear equation of the form

Zpi,j(zt(y Ztq s th) Zti,tj — 07 1,] = 07 17 2. (E
i,]



In the paper by E. Feropontov an inexplicit descrif
tion of all integrable equations (8) was proposed. TF
equation constructed above corresponds to the gener
case in this classification. Indeed, it depends on fi\
essential parameters sq,...,s5 which agrees with tf
results of this paper.



Integrable elliptic pseudopotentials

If

d; = A(p,u), $, = B(p,u), where p = &,

IS a pseudopotential representation for some integrab

3D-system, then for any p € C the point (f‘gp,AI
bp

belongs to an algebraic curve of genus g, whose c«
efficients depend on u.

Now we construct pseudopotentials and integrable sy
tems related to the elliptic curve. For these systen
u = (uy,...,un,7), Where 7 is the parameter of tr
elliptic curve also being an unknown function in tr
system.



T he coefficients of the systems are expressed in tern
of the following elliptic generalization of hypergec
metric functions in several variables:

Juaug = sg(p(ug — ua) + p(ua +n) — p(ug) — p(N))gus
sa(p(ua —ug) + p(ug +n) — p(ua) — p(n))gug,

Juaua = sa Y (p(ua)+p(n)—p(ua—ug)—p(ug+mn))gug
p#a

( Z Sﬁp(ua - UB) + (sa + 1)p(ua + n)+
p7a

sap(—n) + (so — sa — 1)p(ua) + 2mir) gu,—

sosa(p'(ua) — p'(n))g,
gr = Qi > (plug +n) — p(n))gus — %p’(n)g
71 ﬁ 7Tl

for a single function g(uy,...,un, 7).



Heren = sqyu1+...+spun+r7+n9, sg=—81—...—$
where s1,...,8n,7,m9 are arbitrary constants, and

2) — . a627ri(ozz—|— ~ - :9/('2)
0(2) 5%%( 1) : p(2) 0(2)

We omit the second argument 7 of the functions 6,
and use the notation
Ip(2z) Ip(2z) 00(2)
/ /
— Y ) 9 — Y 9

pl2) = —5 o7 (2) =5, T
It turns out that the dimension of the space of solt
tions for the system equals n + 1.

04(04—1)7_)

pr(z) =



Describe pseudopotentials of defect & = 0O relate
to the elliptic hypergeometric functions. The psel
dopotential An(p,u1,...,un, ) is defined in a parame
ric form by

An:Pn(gl7£)7 p:Pn(gO,f),

where g1, go be linearly independent elliptic hyperg:
ometric functions

3 .
Pu(g,€) = /O Sn(g, €)e2mir(T=6) 5

9’(0)_51_'"_3”9(u1)51...9(un)8”

dg,
0(€) =517 —5n0(€ — up)51...0(€ — up)n :

and

_ 0(ua)0(€ — ua —n) B
Sn(g,&) = 1§%:§n 0 (1o + n)O(E — u&)gm

0'(0)6(& — n)g
0(n)0(¢)
We call them elliptic pseudopotential of defect O.

(s1+ ...+ sn)



Some important examples of pseudopotentials A,
related to the Whitham averaging procedure for inte
grable dispersion PDEs, to the Frobenious manifold
and to the WDVV-associativity equation were four
by B. Dubrovin and I. Krichever.

In the case s = ... = sp = r = 0, no — 0 ol
pseudopotentials coincide with elliptic pseudopoter
tials constructed by Dubrovin and Krichever.



