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Outline

Introduction to integrable field equations in 1+1 dimensions

Generalisation to equations with non commuting coefficients

Solvability of the initial value problem

Example: two wave non local interaction model
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Background 1: OLD TIMES

Lax pair : Ψx = V Ψ , Ψt = AΨ

V = V (x , t , k) A = A(x , t , k)

V Ψdx + AΨdt = exact one-form

Compatibility : [V , A] + Vt − Ax = 0

V and A are 2× 2 matrix valued differential polynomials of the field
variable u(x , t) and algebraic polynomials of the spectral variable k

Korteweg-de Vries equation ut = uxxx − 6uux

Nonlinear Schroedinger equation ut = i(uxx ± 2|u|2u)
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Background 2: OLD TIMES

Spectral transform as reflection coefficient R(k , t)

Direct spectral problem : u(x , t)→ R(k , t)

Inverse spectral problem : R(k , t)→ u(x , t)

Solving the initial value problem u(x ,0)→ u(x , t) by the spectral
method

u(x ,0)→ R(k ,0)→ R(k , t)→ u(x , t)

Rt = −iω(k)R

A. Degasperis (Univ. Rome) Nonlocal wave interaction November 2010 4 / 15



Background 2: OLD TIMES

Spectral transform as reflection coefficient R(k , t)

Direct spectral problem : u(x , t)→ R(k , t)

Inverse spectral problem : R(k , t)→ u(x , t)

Solving the initial value problem u(x ,0)→ u(x , t) by the spectral
method

u(x ,0)→ R(k ,0)→ R(k , t)→ u(x , t)

Rt = −iω(k)R

A. Degasperis (Univ. Rome) Nonlocal wave interaction November 2010 4 / 15



Background 3: OLD TIMES

1) Hierarchy of infinitely many flows

Example: KdV hierarchy utn = Lnux , n = 0 , 1 , 2 , · · · ,

Lf (x) = fxx (x)− 4uf (x) + 2ux

∫ +∞

x
dyf (y)

ut =
∑
n=0

cn Lnux

1a) Lnux is a differential polynomial of u

1b) commutativity of flows utntm = utmtn for any n , m

2) Infinitely many independent conservation laws
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Background 4: OLD TIMES

MATRIX KORTEWEG − DEVRIES EQUATION

Ut = Uxxx − 3{U , Ux}

Ut =
∑
n=0

cn LnUx

MATRIX NONLINEAR SCROEDINGER EQUATION

Ut = i(Uxx ± 2 U U†U)
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NON COMMUTING COEFFICIENTS

V (k) = ikσ + Q(x , t)

σ = block–diag(σ111, σ212, · · · , σM1M) , 1j = NjxNj identity

σj 6= σm , if j 6= m

Qt =
∑

n

Ln[C(n)Q]

C(n) = block–diag(C(n)
1 ,C(n)

2 , · · · ,C(n)
M )

consequences:
1 noncommuting flows
2 nonlocal (integro–differential) evolution equations
3 solitons have a time–dependent velocity
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EXAMPLE : THREE WAVE RESONANT
INTERACTION EQUATION

u(n)
t + Vnu(n)

x + ηnu(n+1)∗u(n+2)∗ = 0 , n = 1,2,3 , mod 3

BOOMERONS IN NONLINEAR OPTICS

FIRST EXPERIMENTAL OBSERVATION OF SIMULTONS
Phys. Rev. Lett. 104, 113902 (2010)

F. Baronio, M. Conforti, C. De Angelis, A. Degasperis, M. Andreana, V.
Couderc, and A. Barthelemy
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NON LOCAL WAVE INTERACTION

f (1)
t − f (1)

x = −gf (2) , f (2)
t + f (2)

x = g∗f (1) ,

g(x , t) = g0(t) +

∫ x

x0

dy f (2)∗(y , t) f (1)(y , t)

σ =

 1 0 0
0 −1 0
0 0 −1

 , Q =
1√
2

 0 f (1)∗ f (2)∗

f (1) 0 0
f (2) 0 0



Ψt = (2ikC − σW + σ[C,Q(x , t)]) Ψ , C =

0 0 0
0 −1 0
0 0 1

 ,

W =

 0 0 0
0 0 −g
0 g∗ 0

 .
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SPECTRAL METHOD : DIRECT PROBLEM

{
ΨL → exp(ikxσ) , x → −∞
ΨL → exp(ikxσ)SL(k , t) , x → +∞ .{
ΨR → exp(ikxσ) , x → +∞
ΨR → exp(ikxσ)SR(k , t) , x → −∞ .

SL = (1 + RL)T−1
L , SR = (1 + RR)T−1

R ,

RL =

 0 R(1)∗
L R(2)∗

L
R(1)

L 0 0
R(2)

L 0 0

 , RR =

 0 R(1)∗
R R(2)∗

R
R(1)

R 0 0
R(2)

R 0 0


TL =

 TL11 0 0
0 TL22 TL23
0 TL32 TL33

 , TR =

 TR11 0 0
0 TR22 TR23
0 TR32 TR33
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SPECTRAL METHOD : INVERSE PROBLEM

ML(x) =
1

2π

∫ +∞

−∞
dk eikxσRL(k) , MR(x) =

1
2π

∫ +∞

−∞
dk eikxσRR(k)

KL(x , y) + ML(x + y) +

∫ +∞

x
dzKL(x , z)ML(z + y) = 0 , x < y ,

KR(x , y) + MR(x + y) +

∫ x

−∞
dzKR(x , z)MR(z + y) = 0 , x > y .

Q(x) = −σ[σ , KL(x , x)] = σ[σ , KR(x , x)]
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INITIAL BOUNDARY VALUE PROBLEM

f (1)(x ,0) and f (2)(x ,0) are given, and also g(x0, t) = g0(t) is given

Ψt = (2ikC − σW + σ[C,Q(x , t)]) Ψ

RLt = [A+ , RL] , RRt = [A− , RR] ,

A± =

 0 0 0
0 −2ik −g±
0 g∗± 2ik


g±(t) = g0(t) +

∫ ±∞
x0

dxf (2)∗(x , t)f (1)(x , t)

A− = A+ +

 0 0 0
0 0 (f (2) , f (1))

0 −(f (1) , f (2)) 0


(f (2) , f (1)) =

∫ +∞

−∞
dx f (2)∗(x , t)f (1)(x , t)
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SOLVABLE INITIAL BOUNDARY VALUE PROBLEM

x0 = +∞ , g+(t) = g0(t)(
R(2)

L
R(1)

L

)
t

=

(
2ik g∗0(t)
−g0(t) −2ik

)(
R(2)

L
R(1)

L

)

x0 = −∞ , g−(t) = g0(t)(
R(2)

R
R(1)

R

)
t

=

(
2ik g∗0(t)
−g0(t) −2ik

)(
R(2)

R
R(1)

R

)
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SOLVABLE SPECTRAL DATA NONLINEAR
EVOLUTION EQUATION

x0 = +∞ , g−(t) = g0(t)− (f (2) , f (1))(
R(2)

R
R(1)

R

)
t

=

(
2ik g∗−(t)
−g−(t) −2ik

)(
R(2)

R
R(1)

R

)

(f (2) , f (1)) =

∫ +∞

−∞
dk1

∫ +∞

−∞
dk2 µ(k1, k2, t)R

(2)∗
R (k2, t) R(1)

R (k1, t)

R(1)
R (k ,0) , R(2)

R (k ,0)→ R(1)
R (k , t) , R(2)

R (k , t)

RR(k ,0)→ Q(x ,0)→ RL(k ,0)→ RL(k , t)→ Q(x , t)→ RR(k , t)
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MORE EVOLUTION

..........WITH MY VERY BEST WISHES TO FRANCESCO
AND........................

CENTO DI QUESTI GIORNI !!!!
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